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1 Introduction
The past decade has seen the gauge/gravity correspondence emerge as a radically new
computational paradigm in understanding quantum field theories at strong coupling. While
the duality between type IIB superstrings on AdS5×S5 and N = 4 supersymmetric SU(N)
Yang-Mills theory remains the canonical example for such strong coupling computations,
the recently discovered duality between type IIA superstrings on AdS4 × CP3 and the so-
called ABJM model [1], a (2+1)−dimensional N = 6, U(N)×U(N) Chern-Simons-matter
theory is quickly gaining ground in popularity. Much of the interest in this version of
the duality stems from the utility of the ABJM model in testing various strongly coupled
phenomena in planar condensed matter systems. One such application is the relatively
poorly understood quantum critical phase that appears at nonzero temperatures around
the T = 0 transition point between insulators and superconductors (superfluids). Since
this system is effectively described by a conformal field theory (see for instance [2] and
references therein), it is a prime candidate for application of the AdS/CFT toolbox.
– 1 –
J
H
E
P01(2014)036
Expanding on this point, the physics of particles (relevant on the insulator side of the
transition) or vortices (relevant on the superconducting phase of the transition) suggest
different behaviours for the conductivity of the system as a function of frequency, σ(ω).
In [3] it was suggested that this situation could perhaps be captured by the gravity dual of
the ABJM model by coupling the global U(1) field to the Weyl tensor. Then, depending
on the coupling, γ, one obtains either the particle-like or vortex-like behaviour for σ(ω).
However, at nonzero temperatures, the conformal symmetry is broken by the scale T and
understanding how this deformation affects quantities like the conductivity is essential. To
this end finding a laboratory in which this can be done in a controlled setting that preserves
as much of the other symmetries as possible is key.
In this paper we study just such a laboratory, the massive deformation of the ABJM
model of [4, 5], that is known to preserve the full N = 6 supersymmetry. We want to
generalize the calculation of [3] to include the effect of the mass deformation, however
we will find that we can only calculate the DC conductivity, σ(0). Even in this limited
case though, in order to calculate this, we need to resort to a membrane paradigm-type
calculation, similar to the one in [6], and extend its results to a more general set-up. An
important technical point is that, in the absence of the exact solution for the black hole in
the massive deformation of the gravity dual of ABJM, we need to rely on a perturbative
approach to the massive deformation around the horizon of the black hole. We believe that
this approach is new, novel and may indeed prove useful in other contexts as well.
The paper itself is organized as follows. In section 2 we review the methods and results
of [3]. In section 3 we show that by applying the Kubo formula, only now for a boundary
term at the horizon of the AdS black hole, we obtain exactly the same DC conductivity
as [3], and then review and generalize another membrane paradigm calculation as defined
in [6]. In section 4 we perform the massive deformation of the black hole horizon, by
first finding the zeroth and first order deformations, then using the Einstein’s equations
to compute the higher order one. We benchmark our procedure against the known AdS
black hole with excellent agreement. Section 5 concerns itself with a calculation of the
conductivity using the two versions of the membrane paradigm calculation. We conclude
the formal part of the paper with a discussion of future directions in section 6. Following
this, in a series of appendices, we elaborate on some of the details omitted in the main
text. Appendix A outlines the T-duality calculation from the type IIB to IIA backgrounds,
while in appendix B we show that the presence of a non-vanishing grt contribution to the
metric, which appears due to the massive deformation, doesn’t affect the formulas for the
membrane paradigm calculations with the example of a scalar field. This is then applied,
in appendix C, to the case of the conductivity calculation. Finally, appendix D, provides
the details of the calculation using the Kubo formula at the horizon.
2 Conductivity for AdS black holes
To begin, and largely to establish our conventions and notation, let us review quickly the
computation of the conductivity associated to a Maxwell field in an AdS black hole back-
ground following [3]. Materials possessing a quantum critical phase, like ultracold 87Rb,
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exhibit a zero temperature phase transition in terms of the coupling g of the system, be-
tween a superconducting phase for g < gc and an insulator phase for g > gc. Modelling the
order parameter of the system as a bosonic (scalar) field, the material is typically described
by the action
S =
∫
d3x
[
|∂τφ|2 + v2|~∇φ|2 + (g − gc)|φ|2 + n
2
|φ|4
]
. (2.1)
From this action, it is clear that when g < gc, the order parameter 〈φ〉 6= 0, resulting in
the usual superfluid properties of the material, while when g > gc we have that 〈φ〉 = 0,
giving an insulator phase. Thus (g = gc, T = 0) is a critical point of the system, de-
scribed by a (2 + 1)−dimensional conformal field theory. To apply the arsenal of the
gauge/gravity correspondence to problems like this, it is assumed that this system is dual
to some (quantum) gravitational theory in a one higher dimensional AdS4 space. For ex-
ample, the (2+1)−dimensional ABJM model that is the focus of this article, has a gravity
dual theory in AdS4 × CP3.
At nonzero temperatures a quantum critical phase opens up1 around g = gc and it is
expected that the physics of this quantum critical point should be governed by the zero
temperature conformal field theory. However, a computation of the frequency-dependent
conductivity σ(ω) using a particle/hole description which is generally valid on the insulator
side of the phase transition, yields a functional form that decreases to a minimum before
stabilizing. On the other hand, a similar computation using a vortex description, valid
on the superfluid side of the phase transition, obtains a conductivity that increases to a
maximum before stabilizing (see for instance figures 4 and 5 in [2]). There seems to be
no way to choose which behaviour should be realized using field theory arguments. A
semi-phenomenological parameter will be introduced in the gravity dual that will govern
this choice (γ > 0 for particle-like and γ < 0 for vortex-like).
The problem appears to be better suited to a dual gravity description. To this end,
let’s consider the gravity dual of the ABJM model reduced to just Einstein-Maxwell gravity
in AdS4 (plus possible terms higher order in curvature and the field strength tensor Fµν).
If we consider only terms that vanish on the AdS4 background but that are nonzero in the
AdS4−black hole background corresponding to a finite temperature field theory, there is a
unique contribution to the action: a coupling to the Weyl tensor. With this in mind, the
action for the Maxwell field in the gravity dual can be taken to be
Svector =
1
g24
∫
d4x
√−g
[
− 1
4
FµνF
µν + γL2CµνρσF
µνF ρσ
]
, (2.2)
in a probe approximation for the background. That is, we consider that the AdS black
hole background is not modified by the gauge field perturbation, and is given by
ds2 =
r20
L2u2
(−f(u)dt2 + dx2 + dy2)+ L2du2
u2f(u)
, (2.3)
1See e.g. figure 2 in [2].
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where
f(u) = 1− u3,
r0 =
4πTL2
3
. (2.4)
With this in place, the DC conductivity can now be calculated from a membrane-paradigm
like calculation starting from a more general form of the action in (2.2),
S =
∫
d4x
√−g
[
− 1
8g24
FµνX
µνρσFρσ
]
. (2.5)
The action (2.2) corresponds to a choice of
Xµν
ρσ = 2δ[µν]
[ρσ] − 8γL2Cµνρσ. (2.6)
A natural current jµ can be defined on the horizon by considering the horizon boundary
term associated with (2.2) and varying it with respect to Aµ. Using the equations of
motion, we find the conductivity as the proportionality constant in jx = σF0x, giving
σ0 ≡ σ(ω = 0, k = 0) = 1
g24
√−g
√
−XxtxtXxrxr
∣∣∣
r=rH
, (2.7)
which leads to2
σ0 =
1
g24
(1 + 4γ). (2.8)
However, this membrane paradigm calculation is somewhat obscure.3 We will return to
another membrane-paradigm like computation in the next section, but first, let’s note that
one can also do the usual AdS/CFT calculation utilising the Kubo formula,
σ(ω) = −Im
(
Gyy(~q)
ω
)
, (2.9)
to calculate the frequency-dependent conductivity. Here Gyy is the 2-point function for the
gauge field with y component, Ay. Defining u ≡ r/r0, so that u = 1 at the horizon and
u = 0 at the boundary, and Fourier transforming gives
Aµ(t, x, y, u) =
∫
d3q
(2π)3
ei~q·~xAµ(~q, u), (2.10)
where ~q ·~x = −tω+qxx+qyy, with qµ = (ω, q, 0). The boundary condition at the horizon is
Ay(~q, u) = (1− u)bF (~q, u), (2.11)
2The DC conductivity defined here is at ω = 0; more generally, we will see shortly that the relevant
parameter is w = ω/(4piT ), hence the result is valid for ω/T ≪ 1. This is the quantity that will be of
interest for us in the remaining sections of the paper.
3In particular, because it is not obvious that this definition of conductivity at the horizon is the same
as the definition at the boundary.
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at u = 1, with F (~q, u) regular there. To compute the conductivity associated to Ay, we
first calculate the action for Ay on-shell, obtaining the boundary term
Syy = − 1
2g24
∫
d3x
[√−gguugyy(1− 8γL2Cuyuy)Ay(u, ~x)∂uAy(u, ~x)]∣∣boundary . (2.12)
Evaluating this expression on the AdS black hole solution, we get
Syy = −2πT
3g24
∫
d3x
[
(1− u3)(1 + 4γu2)Ay(u, ~x)∂uAy(u, ~x)
]∣∣∣
boundary
. (2.13)
Considering that the boundary is only at u = 0 (infinity), we obtain
Syy = −2πT
3g24
∫
d3x
[
Ay(u, ~x)∂uAy(u, ~x)
]∣∣∣
u=0
≡
∫
d2~q
(2π)3
1
2
Ay(−~q)Gyy(~q)Ay(~q), (2.14)
where
Gyy(ω, q = 0) = −4πT
3g24
∂uAy(u, ω)
Ay(u, ω)
∣∣∣∣
u→0
. (2.15)
Substituting this into the Kubo formula then gives
σ =
1
3g24
Im
∂uAy
wAy
∣∣∣∣
u→0
, (2.16)
where w ≡ ω/4πT . Now, the equation of motion for Ay with sources on the boundary can
be solved. Indeed, for small w (or, equivalently, small ω) the solution is found to be
Ay(u) ≃ (1− u)−iw [F1(u) + wF2(u)] , (2.17)
where F1(u) = C (constant) and F
′
2(0) = iC(2 + 12γ). This, together with the fact that
both F1(u) and F2(u) are well-behaved at the horizon u = 1, means that
σ(ω → 0) = 1
3g24
Im
[
i+
F ′2(0)
F1(0)
]
=
1
3g24
[1 + (2 + 12γ)] =
1 + 4γ
g24
, (2.18)
exactly the same as the earlier membrane-paradigm calculation.
In ABJM theory (at γ = 0), we can find the meaning of g4 as follows. The maximally
gauged supergravity action in 4 dimensions has a coupling determined by L and the 4d
Newton’s constant κ
(4)
N ,
g4 ∝ L
−1
κ
(4)−1
N
=
κ
(4)
N
L
(2.19)
where the proportionality factor is a numerical constant. Since by compactifying on S7/Zk,
with LS7 = 2L,
1
[κ
(4)
N ]
−1
=
Ω7(LS7)
7
[κ
(11)
N ]
2k
=
Ω7g
−3
s l
−9
s 2
7L7
k
, (2.20)
where Ω7 is the volume of the unit 7-sphere, we obtain
g4 ∝ g3/2s k1/2
(
ls
L
)9/2
∝ λ1/4N−1 (2.21)
where in the last equality we wrote g4 in terms of field theory parameters using L/ls =
55/4
√
πλ1/4 and gs = λ
5/4/N .
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3 Membrane paradigm and conductivity from horizon data
In order to extend the computation of the conductivity to the mass-deformed ABJM model,
we will first need to modify the above membrane-paradigm computation to account for the
fact that we are, as yet, unable to construct a black hole directly in the gravitational dual.
The modification itself is easy enough to state; in (2.12), the boundary term was considered
to be at u = 0 (at infinity), whereas now we want to consider the same boundary term at
the horizon u = 1. This is a bit unusual, since it assumes that the sources for the bulk
are at the horizon and that, strictly speaking, we have to ignore the normal boundary at
u = 0, since otherwise we get a divergent contribution due essentially to the infinite ratio
between the contributions from the two boundaries. Let’s first benchmark this against the
above case of the AdS4 black hole to check that we are indeed on the right track before
looking for a better justification for it.
For the boundary term at u = 1 only, from (2.13) we get
Syy = −2πT
3g24
(1 + 4γ)
∫
d3x
[
3(1− u)Ay(u, ~x)∂uAy(u, ~x)
]∣∣∣
u→1
, (3.1)
which leads to
Gyy(ω, q = 0) = −4πT
3g24
(1 + 4γ)
[
3(1− u)∂uAy(u, ω)
Ay(u, ω)
]∣∣∣∣
u→1
. (3.2)
This expression, together with the Kubo formula (2.9), evaluated at the horizon the ap-
proximation ∂uAy/w ≃ i/(1− u) yields
σ(ω → 0) = 1
3g24
(1 + 4γ)Im
[
3(1− u) i
1− u
]
=
1 + 4γ
g24
. (3.3)
Not only is this the same result as the standard membrane paradigm computation but
notice also that the factors of 1 + 4γ and −3 enter in a completely different way, so it is
highly nontrivial that we get the same answer.4
To better understand this result, let’s reconsider the general membrane paradigm anal-
ysis carried out in [6] where the same type of current at the horizon as in [3] was considered
in the context of the action
Sem = −
∫
Σ
dd+1x
√−g 1
4g2d+1(r)
FMNF
MN (3.4)
where gd+1(r) is an r-dependent coupling possibly arising from background fields. The
bulk action results in a boundary term that can be cancelled by
Sbd =
∫
Σ
ddx
√−γ
(
jµ√−γ
)
Aµ, (3.5)
where jµ is obtained by varying the action with respect to ∂rAµ, and γµν is the induced met-
ric on the stretched horizon Σ. The same calculation as in the previous section then leads to
σ(ω → 0) = 1
g2d+1(r0)
, (3.6)
4Also notice that the temperature has cancelled in the calculation of the DC conductivity, which as
already explained, is still valid as long as ω/T ≪ 1.
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which is indeed compatible with (2.7) for d = 3 and Xµν
ρσ = 2δ[µν]
[ρσ].
The equations of motion of the action (3.4) in a diagonal background
ds2 = −gttdt2 + grrdr2 + gijdxidxj (3.7)
then imply
∂rj
i = 0 +O(ωFit); ∂rFit = 0 +O(ωji) (3.8)
which in turn mean that the relation
ji(rH) =
1
g2d+1
√ −g
grrgtt
gzz
∣∣∣∣∣
rH
Fit(rH) (3.9)
is valid at all r, until infinity, with the same coefficient. Therefore the DC conductivity
calculated at the horizon equals the one calculated at infinity, which is the usual AdS/CFT
formula, with the result
σ(ω = 0) =
1
g2d+1
√ −g
grrgtt
gzz
∣∣∣∣∣
rH
(3.10)
which matches (3.6) for d = 3. In order to apply these methods to our action in (2.2), we
shall consider the case when we can write, on the background solution,
S = −
∫
d4x
√−g
(
1
4g2MN,4(r)
FMNF
MN
)
. (3.11)
Moreover, for the conductivity associated to Ay, we need only the Fry component to be
nonzero in which case, following the membrane paradigm calculation, we obtain,
σ(ω = 0) =
1
g2ry,4
(3.12)
instead of (3.6) so that (3.8) still holds, implying that the membrane paradigm calculation
still matches the AdS/CFT result as was indeed verified for pure ABJM theory. We there-
fore feel confident in using it for the massive deformation. Having said that, one potential
issue could be the fact that we will need to deal with a more general metric background of
the form
ds2 = −gtt(r, t)dt2 + grr(r, t)dr2 + 2grt(r, t)dr dt+ gyy(r)(dx2 + dy2) . (3.13)
However, as we show in appendix B, the off-diagonal terms do not influence the result.
Indeed, we will see shortly that the same is true for the calculation of the conductivity.
We should also point out that an explicit time dependence in the metric, as in (3.13),
modifies (3.8) by replacing the “0” on the right hand side of the first equation by time
derivatives of the metric (see appendix C for more details). This would imply that we
could not use (3.8) as an argument to show that the conductivity defined at the horizon
matches the one defined at the boundary. However, this does not necessarily mean they
are different, since the integrated r−dependence for σ = ji/Fit could still give the same
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result at the horizon and the boundary. This is as expected from the validity of AdS/CFT,
which is, after all, a relation between the boundary field theory (the conductivity being a
boundary observable) and bulk gravitational physics, and the membrane paradigm which
implies that the this bulk gravitational physics should be describable in terms of just a
fictitious membrane at the horizon. Moreover, the time dependence cannot last forever.
The metric must “relax” to a stationary one after some time has passed, as expected from
general principles of black hole physics. Thus although, in principle, there could be an
explicit time dependence in the bulk metric, we can assume this dependence will die out
way before we “shake” the system with the gauge fields AAµ we are using as probes.
4 Massive deformation for ABJM black hole
As alluded to in the introduction to this article, the ABJM model admits a mass defor-
mation that, while obviously breaking its conformal symmetry, preserves its full N = 6
supersymmetry [4, 5]. Unfortunately, the gravity dual to this massive deformation is, to
say the least, very complicated (see [7, 8] for more details), and finding an exact black
hole solution in this case seems hopeless. What we can do however, is to consider the
deformation of the background in which the M2-branes of the ABJM model live. Recall
that the pure ABJM model arises from the near-horizon limit of the back-reacted geom-
etry produced by M2-branes moving in the background R2,1 × C4/Zk, i.e. 11-dimensional
flat space with a Zk identification. The background corresponding to the mass-deformed
ABJM model is obtained from the maximally supersymmetric pp-wave of type IIB string
theory by a sequence of T-dualizing and lifting to M-theory [8, 9]. To add a black hole to
this construction is a notoriously difficult task.
4.1 First order deformation near the horizon
Fortunately, as argued earlier, it will suffice for us to consider just a mass-deformation of
the horizon of the AdS4 black hole. To zeroth order, we can consider the horizon of the
black hole to be flat, so we can trivially add a pp-wave to it by replacing the flat space with
the pp-wave space, in the coordinates around the spherical horizon. The mass deformation
is then implemented T-dualizing to obtain a first order solution. To obtain a (back-reacted)
solution around the horizon of the black hole with the mass deformation, we will input this
first order solution as initial data into the Einstein’s equations, and obtain the required
metric and Weyl tensor at the horizon. We will show how to carry this out explicitly in the
next subsection and, for now, restrict our attention to obtaining the first order solution to
be used as an initial data.
To superpose the pp-wave on to the AdS black hole, we must first obtain flat space
in usual Minkowski coordinates. To do that, we will take a near-horizon limit and then
perform a double Wick rotation. We detail these steps as follows. The starting point is
the AdS4 × S7 black hole metric in Poincare´ coordinates
ds2 =
r2
L2
[
−
(
1− r
3
0
r3
)
dt2 + d~x2
]
+ L2
dr2
r2
(
1− r30
r3
) + L2dΩ27, (4.1)
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where ~x = (x1, x2). Since the near horizon geometry corresponds to r − r0 ≪ r0, L, we
should also consider LΩ7 large, and approximate it with the flat d~y7
2. Changing the radial
coordinate r to ρ ≡ 2√r/r0 − 1 and expanding in powers of ρ yields the near horizon
geometry,
ds2M ≃
r20
L2
[
−3
4
ρ2dt2 + dx21 + dx
2
2
]
+
L2
3
dρ2 + d~y27. (4.2)
Since
gtt = − 3r
2
0
4L2
ρ2, gx1x1 =
r20
L2,
gρρ =
L2
3
, (4.3)
reducing to string theory on x2 and T-dualizing along x1 yields
g˜x1x1 =
1
gx1x1
=
L2
r20
,
g˜ρρ = gρρ =
L2
3
,
g˜tt = gtt = −3r
2
0ρ
2
4L2
, (4.4)
g˜µx1 = 0,
φ˜ = −1
2
ln
(
r20
L2
)
.
The type IIB metric can then be read off as
ds2IIB = −
3r20
4L2
ρ2dt2 +
L2
r20
dx21 +
L2
3
dρ2 + dy27. (4.5)
For notational convenience, in what follows, we define the new variables,
τ ≡ 3r0
2L2
t, ρ¯ ≡ L√
3
ρ, x¯1 ≡ L
r0
x1, (4.6)
in terms of which,
ds2IIB = −ρ¯2dτ2 + dx¯21 + dρ¯2 + dy27. (4.7)
Wick rotating to τ = iθ yields
ds2 = ρ¯2dθ2 + dx¯21 + dρ¯
2 + dy27. (4.8)
Now we Wick rotate back along a Euclidean coordinate by first defining
z1 ≡ ρ¯ cos θ = ρ¯ cos(−iτ) = ρ¯ cosh τ (4.9)
z2 ≡ ρ¯ sin θ = ρ¯ sin(−iτ) = −iρ¯ sinh τ. (4.10)
and rotating to z2 = −iτ¯ , to give the new set of variables
z1 = ρ¯ cosh τ, (4.11)
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τ¯ = ρ¯ sinh τ. (4.12)
Near τ ∼ 0 we have z1 ≃ ρ¯ and τ¯ ≃ ρ¯τ , so that ρ¯ ≃ z1 and τ ≃ τ¯ /ρ¯. Thus, expanding in
powers of τ
dτ2 =
dτ¯2
ρ¯2
+O(τ), (4.13)
dρ¯2 = dz21 +O(τ), (4.14)
yields
ds2 = −dτ¯2 + dx¯21 + dz21 + dy27. (4.15)
Now that we have the near horizon metric explicitly written as a flat metric, we simply
add the pp-wave to the horizon by replacing (4.15) with
ds2 = −dτ¯2 + dx¯21 − µ2
(
z21 + ~y
2
7
)
(dτ¯ + dx¯1)
2 + dz21 + dy
2
7, (4.16)
and turning on an F+z1···, where the lightcone coordinate x
+ ≡ x¯1 + τ¯ = x¯1 + ρ¯ sinh τ and
z1 = ρ¯ cosh τ , and the ellipses are three of the ~y. Note that µ, the mass parameter of the
pp-wave added, corresponds in the gauge theory to the mass deformation parameter of the
same name, as was argued in [8, 9]. In particular, from the identification in eq. 2.28 of [9]
with the calculation of the same quantity in gauge theory, we can see that µ is indeed the
same parameter. Going back from the (z1, τ¯) variables to the original (ρ¯, τ) ones gives the
IIB wave solution
ds2 = −(d(ρ¯ sinh τ))2+dx¯21−µ2
(
ρ¯2 cosh2 τ + ~y27
)
(d(ρ¯ sinh τ) + dx¯1)
2+(d(ρ¯ cosh τ))2+dy27.
(4.17)
In order to arrive at the desired eleven dimensional metric, we now need to T-dualize it to
IIA and then lift it to M-theory. The Buscher rules applied to this metric are displayed in
appendix A and, after some algebra, the resulting type IIA metric turns out to be
ds2IIA =
1
1− µ2 (ρ¯2 cosh2 τ + y27)
(
− ρ¯2dτ2 + dρ¯2 + dx¯21
−µ2 (ρ¯2 cosh2 τ + y27) (d(ρ¯ cosh τ))2)+ d~y27. (4.18)
Now, returning to the original (ρ, t, x1) variables using (4.6), and defining
H ≡ 1− µ2
(
L2
3
ρ2 cosh2
[
3tr0
2L2
]
+ y27
)
(4.19)
puts the type IIA metric above into the form
ds2IIA = H
−1
[
− 3r
2
0
4L2
ρ2dt2 +
L2
3
dρ2 +
L2
r20
dx21 − (1−H)
L2
3
(
d
(
ρ cosh
3r0t
2L2
))2]
+ d~y27.
(4.20)
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Finally, lifting to M-theory gives
ds2M = H
−2/3
[
− 3r
2
0
4L2
ρ2dt2 +
L2
3
dρ2 +
L2
r20
dx21 + dx
2
11
−(1−H)L
2
3
(
d
(
ρ cosh
3r0t
2L2
))2 ]
+H1/3d~y27. (4.21)
This metric corresponds to mass-deforming the black hole solution, though only near the
horizon. We also note that (4.15) only corresponded to the metric near the horizon for
small τ¯ , or equivalently for small t, so we will still need to be careful to use it only in black
hole calculations in this region.
Having, through considerable ingenuity, obtained the eleven dimensional metric, in
order to apply the procedure for calculating conductivity, we first need to dimensionally
reduce it to four dimensions with a cosmological constant. The question at hand then is
whether we can perform a consistent truncation to four dimensions. The general ansatz for
the truncation of the metric on an n-sphere Sn down to d dimensions is [10] (hereD = d+n)
ds2D = ∆
−
2
d−2ds2d +∆
βT−1ABDY
ADY B (4.22)
where
β =
2
n− 1
d− 1
d− 2 ,
∆2−βn = TABYAYB, (4.23)
DY A = dY A +BABY B.
Here Y A(y), with A = 0, . . . , n, the scalar spherical harmonics on the sphere parametrized
by ~y intrinsic coordinates, are also coordinates for the Euclidean embedding of the sphere,
i.e. Y AY A = 1. In our case, d = 4, n = 7 and BAB = 0, giving
ds211 = ∆
−1ds24 +∆
1/2T−1ABdY
AdY B,
∆ = (TABYAYB)
−2/3. (4.24)
This also matches with another expression found in [11], for TAB = XAδAB, with
ds2D = (XAY
2
A)
2
d−1ds2d + (XAY
2
A)
−
d−3
d−1 (X−1A dY
2
A). (4.25)
In our case, both this and the former expressions reduce to:
ds211 = (XAY
2
A)
2/3ds24 + (XAY
2
A)
−1/3X−1A dY
2
A (4.26)
where A = 0, . . . , 7. The question is whether the metric (4.21) can be described as this
kind of consistent truncation to four dimensions on a deformed 7-sphere since we need a
metric solving a four dimensional action obtained by consistent truncation. It is easy to
see that, in general, it can not. However, as we will now demonstrate, it is possible to do
so in a special limit.
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The spherical harmonics Y A are coordinates for the embedding of the sphere in 8-
dimensional Euclidean space, i.e. YAY
A = L2. We will consider a small patch of the sphere,
namely near the “North Pole”, Y 0 = L. Then we can consider an intrinsic parametrization
of the sphere, i.e. some set of coordinates ~y which match the ~y7 coordinates in our metric.
Taking the yi’s to be small means that the spherical harmonic components are
−→
Y7(~y7) ≃ −→y7
so that, from the sphere constraint, we have
Y 0 =
√
L2 − (−→Y7)2 ≃
√
L2 − (−→y7)2. (4.27)
The factor ∆ in the metric is then
XAY
2
A = X0
(
L2 − (−→y7)2
)
+Xi7(y
i
7)
2, (4.28)
and, reading off equation from (4.21), this should match with H−1. Expanding both sides
in powers of (yi7)
2 and matching coefficients, yields the eight scalars
X0L
2 =
1
1− µ2ρ2L23 cosh2
[
3tr0
2L2
] ,
Xi7 = |X7| = X0 + µ2(X0L2)2, (4.29)
in four dimensions. Finally then, the four dimensional metric is
ds24 = −dt2
(
3r20
4L2
ρ2 +
µ2ρ4r20
4
cosh2
[
3tr0
2L2
]
sinh2
[
3tr0
2L2
])
+dρ2
L2
3
(
1− µ2L
2
3
ρ2 cosh4
[
3tr0
2L2
])
−dρ dt µ2r0L
2
3
ρ3 cosh3
[
3tr0
2L2
]
sinh
[
3tr0
2L2
]
+
L2
r20
dx21 + dx
2
11. (4.30)
Some points about this metric deserve further clarification. Obviously, as we claimed
earlier, (4.21) is not of the reduced type (4.26). However, because the two match up to
quadratic order in the internal y coordinates,5 there is a solution that looks like the reduc-
tion ansatz (4.26) and whose four-dimensional metric is a small perturbation of (4.32). We
also note that we only need to define the (arbitrary) initial solution on a Cauchy surface,
and so we needn’t worry about satisfying the exact equations of motion for the initial
solution that we define here.
Returning to the original coordinate u with ρ = 2(1/u− 1)1/2, we have
ds2 = ds2AdS4BH + µ
2ds2MD, (4.31)
where
ds2MD = −dt2r20
(1− u)2
u2
cosh2
(
3tr0
2L2
)
sinh2
(
3tr0
2L2
)
− du2 4L
4
9u4
cosh4
(
3tr0
2L2
)
−du dt8L
2r0(1− u)
3u3
cosh3
(
3tr0
2L2
)
sinh
(
3tr0
2L2
)
. (4.32)
5Note that the equations of motion only involve second derivatives, hence in the neighbourhood of the
North Pole we only need to have the solution up to quadratic order in y in order to satisfy them.
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This metric (4.31) is our first order solution that we now employ as the initial data to
the Einstein’s equations to obtain the back-reacted metric and Weyl tensor at the horizon
subject, of course, to the caveat that the solution corresponds to the mass deformation of
the horizon only near t = 0.
Note that we now have a metric with scalars turned on near the horizon. Thus, our
Einstein-Maxwell action with the Weyl coupling term needs to be further modified in order
to account for the backreaction of the scalar fields. As argued in the introduction, we do
not have the luxury of having an exact black hole solution for the gravity dual of the mass-
deformed ABJM theory. What we do have, however, is the leading order mass deformation
at the horizon, sourced by the scalars TAB, which is sufficient to compute the membrane
DC conductivity.
In order to find the correct coupling of the scalars to gravity and the Maxwell fields,
we focus on the bosonic part the of the four-dimensional gauged supergravity action. We
are therefore led to consider the action
I =
∫
d4x
√−g
[
R− 1
2
m2
(
Tr(T )2 − 2Tr(T 2))− 1
4
Tr
(
∂µT
−1∂µT
)
+
1
g24
(
−1
4
TABF
A
µνF
Bµν + γL2CµνρσF
AµνFAρσ
)]
(4.33)
with TAB ≡ L2XAδAB, with A = 0, · · · , 7. The L2 factor is included in the definition
of the TAB fields for dimensional reasons. We close this subsection by writing down the
Einstein’s equations that follow from the action (4.33) which we will use to compute the
membrane conductivity. Recalling that we are considering the situation where the gauge
fields are taken as probes, that is, that the putative black hole background is not modified
by the gauge perturbation, the Einstein’s equations that follow from (4.33) are:
Rµν = Tµν − 1
2
gµνT , (4.34)
where the energy momentum tensor Tµν given by
Tµν = 1
8
Tr(∂µT
−1∂νT + ∂νT
−1∂µT )− gµνU , (4.35)
with T = T µµ , and
U ≡ 1
4
m2
(
Tr(T )2 − 2Tr(T 2))+ 1
2
Tr(∂ρT
−1∂ρT ). (4.36)
As a final remark we should also give the relation between the parameter m2 and the
AdS scale L. The most straightforward way to understand this relation is to compare the
Ricci scalars of the pure AdS4 black hole and the mass-deformed one. In the pure case,
R = 4Λ = −12/L2, whereas with the mass deformation turned on, we have R = −T . In
the µ → 0 limit, from (4.29) we have that TAB → δAB, giving R → 48m2. Since this has
to match with −12/L2, we obtain6
m2 = − 1
4L2
. (4.37)
6Note that this squared-mass is well above the Breitenlohner-Freedman bound.
– 13 –
J
H
E
P01(2014)036
4.2 Integrating the Einstein’s equations to get higher order deformations
Now that we have obtained a first order solution, we need to use the Einstein’s equa-
tions to find the required second- and higher-order solution near the horizon. Indeed, in
the action (2.2), we have not just the near-horizon metric, but the Weyl tensor as well,
containing second order derivatives of the metric. To specify a solution of the Einstein’s
equations, which are second order differential equations, we need to specify the metric and
its first derivative (in a non-tangential direction) on a codimension-one Cauchy surface.
Therefore, if the coordinate away from the surface, i.e. the foliation direction, is called v,
and the surface is at v = 0, we need to specify the two sets of functions gµν(~x, v = 0) and
∂vgµν(~x, v = 0), with ~x coordinates tangent to the Cauchy surface. Then the Einstein’s
equations determine the full solution by integration, and in particular, we can obtain at
least some of the second order derivatives algebraically (without the need to integrate
them). We are accustomed with the situation when v is actually time, and we use a time
foliation such that the Cauchy surface is at t = 0, but in our case we are actually interested
in the situation when v is the radial direction away from the horizon, ρ, and the Cauchy
surface is at the horizon, ρ = 0.
This situation is a bit subtle, since components of the metric are actually divergent or
zero at the horizon, hence to check that we are applying it correctly, we first test it on an
example when we actually know the full solution, the AdS black hole of (2.3). We will keep
only the zeroth and first order solution, and deduce the second order, and in particular the
Weyl tensor, from the Einstein’s equations.
As mentioned before, we already know the full metric (2.3), but we will take it in the
near horizon limit (u→ 1) and its first derivative as the only information given. Note how-
ever, that gtt is zero at the horizon, whereas grr is infinite. So we have non-zero components
of the metric that behave as
gαβ =
g
(−1)
αβ
(u− 1) + g
(0)
αβ + g
(1)
αβ (u− 1) +O(u− 1)2 . (4.38)
The first derivatives with respect to the coordinate u will be denoted with a prime (g′αβ).
In this case therefore, we see that giving the metric and its first derivative (as functions
of the remaining coordinates) on a Cauchy surfaces needs to be replaced by giving the
first two coefficients. For grr this means g
(−1) and g(0), whereas for the rest it is g(0) and
g(1). We should also comment on a more general case (even though we are not aware of
such examples for the Einstein-Hilbert action): if it happens that some component starts
at Laurent expansion order g(−p), we would give g(−p) and g(−p+1), whereas if it starts
at g(p), we would need to specify at least g(p) (g(p−1) = 0 could be a valid specification,
depending on the case at hand). In the case of the AdS black hole test solution, we will
take these first two coefficients in the components of gαβ as known, but we will use their
explicit expressions just at the end of the calculations.
For the Einstein’s equations, and later for the Weyl tensor, the primary ingredient is
the Riemann tensor. It is practical to write the Riemann tensor with the second derivatives
of the metric explicitly identified, that will make solving of the algebraic equations simpler.
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The expression for the Riemann tensor that will be used is
Rαβγδ =
1
2
(∂αδgβγ − ∂αγgβδ + ∂βγgαδ − ∂βδgαγ) + ΓǫαδΓβǫγ − ΓǫαγΓβǫδ, (4.39)
where, by definition, the Christoffel symbols contain first derivatives only.
Let us recall the Einstein equations with a cosmological constant and extract one piece
of information before the full calculation. They are
Rαβ − 1
2
gαβR+ gαβΛ = 0. (4.40)
We can take the trace in the previous equation and obtain the curvature scalar without
major effort. In four dimensions it is R = 4Λ. For the full metric the Ricci scalar is − 12
L2
,
and combining these last two expressions yields Λ = − 3
L2
.
The Ricci tensor is now
Rαβ = Λgαβ , (4.41)
which contains inside the second derivatives of the metric (so from here we will have
our algebraic equations) and can also be used to calculate the Schouten tensor. In four
dimensions, the Schouten tensor has the following expression
Sαβ =
1
2
(
Rαβ − R
6
gαβ
)
. (4.42)
Using the Einstein’s equations here will lead to Sαβ =
Λ
6 gαβ . The Schouten tensor is useful
in this case to simplify the calculation of the Weyl tensor (it also contains all the matter
information, as we will see later), which can be written as
Cαβ
γδ = Rαβ
γδ − 4S[γ[αδ
δ]
β]. (4.43)
Let us calculate the Weyl tensor component Cuy
uy that was used to obtain the con-
ductivity in the massless case. Here we have
Cuy
uy = Ruy
uy − Λ
3
. (4.44)
The Einstein’s equations will play its role here as the relation to find Ruy
uy algebraically.
We will have to look at the equation for the component Ryy of the Ricci tensor,
Ryy = g
ttRtyty + g
uuRuyuy + g
xxRxyxy. (4.45)
We go then to equation (4.41) for Ryy, and rising the y index we obtain
Ruy
uy = Λ− gyy(gttRtyty + gxxRxyxy). (4.46)
Using (4.39) and the assumption that we have a static and spherically symmetric black hole
solution — which is in fact true for the full solution (2.3) –, we see that Ruy
uy, and therefore
Cuy
uy, are determined solely in terms of the metric and its first derivatives. After adding
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everything up and replacing the respective values of the metric and its first derivatives, we
have the following expression for the sought Weyl tensor component
Cuy
uy = − 1
2L2
+O(1− u), (4.47)
in the near horizon limit. This is in complete agreement with the result one obtains from
the full solution (2.3) given by
Cuy
uy = − u
3
2L2
. (4.48)
4.3 The higher order deformation at the horizon
We now move to apply the procedure defined and tested in the last subsection to our four
dimensional mass-deformed metric near the horizon of the black hole.
This case will present more ingredients than the previous one, but the method to ob-
tain the second derivatives is applied in the same way. The massive deformation for the
AdS4 black hole enters in the metric like
ds2 = ds2AdS4−BH + µ
2ds2MD (4.49)
where ds2AdS4−BH is the near horizon expansion of the form (4.38) of (2.3) and the massive
deformation is given in (4.32).
Now the desired component of the Weyl tensor is Cuyuy (see eq.(C.14)) which, written
in terms of the Riemann and Schouten tensors components is
Cuyuy = (gyy)2
(
(guu)2Ruyuy + 2g
uugtuRtyuy + (g
tu)2Rtyty
)
−gyy (guu(Suu + Syy) + gtuSut) . (4.50)
Like in the previous case, assuming also that we have spherical symmetry in the full
solution (i.e. the metric does not depend on y, nor x) only the Ruyuy component involves
the second derivatives ∂2ugyy; the other components Rtyuy and Rtyty only contain the metric
and its first derivatives.
But there is a caveat: we need to assume that gyy is t-independent in the full solution,
not only in the Cauchy solution, if not, we could have unknown second time derivatives of
the metric to calculate as well. We believe however that these are reasonable assumptions,
though at this moment we cannot rigorously prove them.
The Einstein’s equations (4.34) now involve an energy-momentum tensor. From those
equations we will now obtain the Schouten tensor, that will capture just matter content
Sαβ =
1
2
(
Tαβ − 1
3
T gαβ
)
. (4.51)
Let us write again the Ricci tensor component that we need for this case,
Ryy = g
ttRtyty + g
uuRuyuy + 2g
tuRtyuy + g
xxRxyxy. (4.52)
From here we see that the combination guuRuyuy +2g
tuRtyuy, that also appears in the
Weyl tensor (4.50), can be written in terms of Rtyty and Rxyxy which do not involve any
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second derivatives of the metric; so only these two components need to be computed. Thus,
we have managed to write Cuyuy completely in terms of the metric and its first derivatives
as desired.
Making all the replacements in (4.50) the component for the mass deformed Weyl
tensor in the near horizon limit reads
Cuyuy =
(
3
2r20L
2
+ µ2
21
2r20
)
(u− 1). (4.53)
As a consistency check we see that, after using (2.3) also, the µ→ 0 limit above gives the
correct answer for the massless case (4.47).
5 Conductivity of the mass-deformed system
We finally return to the calculation of the conductivity. There are two (equivalent) ways
to calculate it using the membrane paradigm, as we saw in section 3: one, using a version
of Kubo’s formula at the horizon, and the other using formula (3.12), obtained by adding
a surface term involving the current.
There is one more observation to be made: the conductivity is usually defined with
respect to a U(1) (abelian) field, whereas we have an SO(8) (nonabelian) field, so the
conductivity will depend on how we embed the abelian field inside SO(8). In principle
there are many ways to do this but we saw that, due to our approximation of being near
the North Pole of the S7 of the compactification that generates SO(8), the diagonal gauge
field associated with X0 (A0, for index A = 0) is special, and different than the diagonal
gauge fields associated with Xi (Ai, for A = i). At the horizon, the Xi scalars “feel” the
massive deformation while the X0 field does not (see equation (5.2)).
From section 3, it follows that we need only compute the effective coupling g2ry,4 at the
horizon (see eq. (3.11)) with the mass deformation now turned on. In this case,
guu =
3(1− u)
L2
+O(1− u)2 , gyy = L
2
r20
+O(1− u),
Cuyuy =
(
3
2r20L
2
+ µ2
21
2r20
)
(u− 1) +O(1− u)2, (5.1)
X0 =
1
L2
+O(1− u) , Xi = 1
L2
+ µ2 +O(1− u),
near the horizon. Concentrating on the gauge field part of the action (4.33), for TAB =
L2XAδAB, the terms involving Fry are
− 1
4
∫
d4x
√−gFAryFA,ry
[
L2XA − 8γCryry
]
. (5.2)
Therefore using (3.12) and the near horizon behavior listed in equations (5.1) through (5.2),
we find that
σ(0) =
1
g24
(
1 + 4γ + 28γµ2L2
)
(5.3)
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σ(i) =
1
g24
(
1 + µ2L2 + 4γ
(
1 + 7µ2L2
))
, (5.4)
where the (0) and (i) superscripts on the left hand side denote the conductivities associated
with the A0µ and A
i
µ gauge fields respectively.
7 One potential problem that we alluded to
earlier was that now we also have a non-vanishing off-diagonal term in the metric grt.
However, as we show in appendix B, its effects cancel each other out at the horizon and
do not contribute in the case of a scalar field. In appendix C, we go one step further and
show also that in the case of the gauge field, the above calculation for the conductivity
goes through without modification due to a similar type of cancellations that occur at the
horizon. Notice also that since X0 does not “see” the mass deformation at the horizon,
σ(0) is blind to the effect of µ2 as we turn off the Weyl coupling γ.
Finally, we can use the Kubo formula for the boundary term at the horizon, just as in
the µ = 0 case. Here, we have Xuyty nonzero in the background, so the action for the Ay
field is now
Syy = − 1
2g24
∫
d3x
√−g (XuyuyAy∂uAy +XuytyAy∂tAy)
∣∣∣∣
u→1
. (5.5)
As before, the associated Green’s function
G(A)yy = −
3r0
L2g24
(
1 + 4γ + hA(µ
2)
)
(1− u)∂uA
A
y (ω)
AAy (ω)
∣∣∣∣
u→1
, (5.6)
where the index A is used to describe the gauge field whose conductivity we are calculating,
leading to
h0(µ
2) = 28γµ2L2
hk(µ
2) = µ2L2 + 28γµ2L2. (5.7)
The equation of motion for Ay near the horizon is then
∂uAy(ω)
Ay(ω)
∣∣∣∣
u→1
= iω
L2
3r0
1
1− u + iωO((1− u)
0). (5.8)
Consequently then,
σ(A) =
1
g24
(
1 + 4γ + hA(µ
2)
)
. (5.9)
More details of this computation may be found in appendix D.
7Note that µ corresponds exactly to the mass parameter in the gauge theory, as already noted. Then
in the gauge theory, the corrections to the dimensionless conductivity (defined at zero frequency and
momentum) must also come in a dimensionless combination of µ and a quantum scale in the nonconformal
massive ABJM theory, corresponding to L, just like in the “hard-wall” model for QCD of Polchinski and
Strassler, and in other theories with a mass gap that are conformal in the UV, L corresponds to Λ−1QCD.
Also, g4 was related to gauge theory parameters in (2.21) and γ is a semi-phenomenological parameter
from the point of view of gauge theory.
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6 Conclusions
To summarize then, in this article we have analyzed the effect of a massive deformation of
the ABJM model on the conductivity calculated from the gravity dual. However, unlike
the computation in [3], since we don’t have the full Ay defined from the horizon to the
boundary, nor even an explicit formula for the gravity dual, we need to use membrane
paradigm-type calculations. In particular we have developed a novel calculation based on
an extension of the Kubo formula, only using a boundary term at the horizon, together
with a corresponding extension of the membrane paradigm method presented in [6].
Crucial to a computation of the conductivity is knowledge of the mass-deformed black
hole solution. However, given the complications of the background dual to the mass-
deformed ABJM model, such an exact solution remains unknown. Nevertheless, we were
able to compute the conductivity knowing only the effect of the mass deformation on the
near horizon region of the AdS4 black hole. In order to determine the mass deformation of
the solution near the horizon, we employed a two-step process: first, we input the zeroth and
first order solutions as Cauchy data in the Einstein equations, and to find the correct ones
that correspond to the mass deformation, superposed a pp-wave on the (approximately flat)
horizon and T-dualized. Then, in order to find the higher order solution near the horizon,
we developed a method of using Einstein’s equations and the Cauchy data. This procedure
was benchmarked against the known AdS black hole solution with excellent agreement.
Finally, we obtained the same value for the mass-deformed DC conductivity using both
membrane paradigm calculations, with both exhibiting an increase as a function of µ2.
Of course, given the motivation for this work, we would have wanted to obtain σ(ω)
at nonzero µ, with the hope that the mass deformation could replace the deformation by
the Weyl tensor coupling γ at least in some regime (which should include µ ≪ T so that
we still have an approximate conformal field theory at finite temperature). But, due to
the technical complications of the background geometry illustrated above, we could only
calculate the DC conductivity, σ(0). In that respect, all we are able to say is that the mass
deformation gives a positive contribution, like a positive γ, but are unable to speculate
any further on what happens at nonzero ω. It goes without saying that it would be of
enormous interest to extend the calculation to finite ω in the future.
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A T-duality from IIB to IIA
In this appendix we will give a few details of the T-dualization of the mass-deformed metric.
Expanding out the differentials in (4.17), the nonzero components of the metric are:
gττ = −ρ¯2
(
1 + µ2 cosh2 τ
(
ρ¯2 cosh2 τ + y27
))
(A.1)
gx¯1x¯1 = 1− µ2
(
ρ¯2 cosh2 τ + y27
)
(A.2)
gρ¯ρ¯ = 1− µ2 sinh2 τ
(
ρ¯2 cosh2 τ + y27
)
(A.3)
gρ¯τ = −µ2ρ¯ cosh τ sinh τ
(
ρ¯2 cosh2 τ + y27
)
(A.4)
gx¯1τ = −µ2ρ¯ cosh τ(ρ¯2 cosh2 τ + y27) (A.5)
gρ¯x¯1 = −µ2 sinh τ
(
ρ¯2 cosh2 τ + y27
)
(A.6)
Now we will T-dualize on the x¯1 direction to IIA; application of the Buscher rules yields
g˜x¯1x¯1 = 1/gx¯1x¯1 =
1
1− µ2 (ρ¯2 cosh2 τ + y27) (A.7)
g˜ττ = gττ − (gτ x¯1)2/gx¯1x¯1 = −
ρ¯2
(
1 + µ2 sinh2 τ
(
ρ¯2 cosh2 τ + y27
))
1− µ2 (ρ¯2 cosh2 τ + y27) (A.8)
g˜ρ¯ρ¯ = gρ¯ρ¯ − (gρ¯x¯1)2/gx¯1x¯1 =
1− µ2 cosh2 τ (ρ¯2 cosh2 τ + y27)
1− µ2 (ρ¯2 cosh2 τ + y27) (A.9)
g˜ρ¯τ = gρ¯τ − (gρ¯x¯1gτ x¯1)/gx¯1x¯1 = −
µ2ρ¯ cosh τ sinh τ
(
ρ¯2 cosh2 τ + y27
)
1− µ2 (ρ¯2 cosh2 τ + y27) (A.10)
φ˜ = −1
2
log |gx¯1x¯1 | = −
1
2
log
(
1− µ2 (ρ¯2 cosh2 τ + y27)) (A.11)
B˜τ x¯1 = gτ x¯1/gx¯1x¯1 =
−µ2ρ¯ cosh τ(ρ¯2 cosh2 τ + y27)
1− µ2 (ρ¯2 cosh2 τ + y27) (A.12)
B˜ρ¯x¯1 = gρ¯x¯1/gx¯1x¯1 =
−µ2 sinh τ (ρ¯2 cosh2 τ + y27)
1− µ2 (ρ¯2 cosh2 τ + y27) . (A.13)
Then, the mass-deformed metric on type IIA has the following form:
ds2IIA =
1
1− µ2 (ρ¯2 cosh2 τ + y27)
(
− ρ¯2dτ2 + dρ¯2 + dx¯21
−µ2 (ρ¯2 cosh2 τ + y27) (d(ρ¯ cosh τ))2)+ d~y27. (A.14)
B Membrane paradigm in the presence of grt
In the metric we obtain, we have an off-diagonal component grt, so in this appendix we
study its effect on the formulas for the membrane paradigm.
B.1 Infalling condition
We would like to find the infalling boundary condition for a metric of the form
ds2 = −gtt(r, t)dt2 + grr(r, t)dr2 + 2grt(r, t)dr dt+ gyy(r)(dx2 + dy2). (B.1)
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Define first the tortoise coordinate r∗ such that ds2 can be written as
ds2 = dvdu+ gyy(r)(dx
2 + dy2) (B.2)
where dv = dr∗ + dt, du = dr∗ − dt. To find dr∗ in terms of dr we write
dv = dt+ dr∗ ≡ dt+ a dr (B.3)
du = dt− dr∗ ≡ b dt+ d dr (B.4)
which gives a quadratic equation for a, namely, a2gtt+2grta− grr = 0. Solving for a yields
dr∗ = a dr =
(
−grt
gtt
±
√
g2rt
g2tt
+
grr
gtt
)
dr. (B.5)
Consider now a scalar field φ near the horizon of a black hole described by the metric (B.1).
The infalling condition at the horizon means that φ can only depend on r and t through
the non-singular combination given by the Eddington-Finkelstein coordinate v, defined
in (B.3). Thus, for fixed v, we have dt = −adr, and
dφ(v) = ∂rφ(r, t)dr + ∂tφ(r, t)dt = (∂rφ(r, t)− a∂tφ(r, t)) dr = 0 (B.6)
yielding the relation
∂rφ(r, t) = a ∂tφ(r, t) (B.7)
but now with a as defined in (B.5). Note that in order to recover the usual infalling
condition ∂rφ =
√
grr/gtt ∂tφ when grt = 0, we need to take the + solution in (B.5).
B.2 Scalar field calculation
To see the effect of the off-diagonal metric on a membrane paradigm-type calculation, we
look at the example of a scalar field.
Consider a massless bulk scalar field with action
S = −1
2
∫
r>r0
dd+1x
√−g 1
g2d+1(r, t)
∂µφ∂
µφ (B.8)
where the horizon is at r = r0, and we now have allowed for an r and t dependent scalar
coupling g2d+1(r, t). This is to account for the fact that our background fields can now
depend on t as well (see for example equations (4.29) and (4.32)). Following [12], we need
to add a boundary term at the horizon to the one that arises from variations of this action.
This term is given by
Ssurf =
∫
Σ
ddx
√−γ
(
Π(r0, x)√−γ
)
φ(r0, x) (B.9)
where γµν is the metric induced at the stretched horizon Σ, and Π is the momentum
conjugate to φ with respect to a foliation in the r-direction, i.e.:
Π ≡ ∂L
∂(∂rφ)
= −
√−g
g2d+1(r, t)
grµ∂µφ. (B.10)
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The “membrane φ-charge” is therefore
Πmb ≡ Π(r0, x)√−γ = −
1
q(r, t)
(
grr +
g2rt
gtt
)1/2 (
grr∂rφ+ g
rt∂tφ
)
(B.11)
where in the last equality we have used the form of the metric (B.1). Now we use the
infalling condition (B.7), obtaining
Πmb = − 1
g2d+1(r, t)
√
∆
gtt
(
−g
rrgrt
gtt
+
grr
gtt
√
∆+ grt
)
∂tφ
= − 1
g2d+1(r, t)
1√
gtt
∂tφ (B.12)
where ∆ ≡ grrgtt + g2rt. If go to the frame of an observer hovering just outside the horizon
with proper time τ , then
Πmb = − 1
g2d+1(r, t)
∂τφ. (B.13)
Therefore, the effect of the off-diagonal metric component grt gets completely cancelled out
and the membrane response Πmb is the same as in the case of a diagonal metric (see e.g. [6]).
C Conductivity using J i vs. Fti relation in the presence of grt
Consider now a generalization of the action in (2.5), namely
S =
∫
d4x
√−g
[
− 1
8g24
XµνρσAB F
A
µνF
B
ρσ
]
(C.1)
with
XAB µν
ρσ ≡ 2δ[µν][ρσ]TAB − 8γL2δABCµνρσ. (C.2)
Generalizing the result of section 3, we need to add the surface term
Ssurf =
∫
Σ
d3x
√−γ
(
jµA√−γ
)
AAµ (C.3)
with
jµA ≡
∂L
∂(∂rAAµ )
= − 1
2g24
√−gXrµνρAB FBνρ. (C.4)
Thus, the membrane current in this case is
Jµmb ≡
(
jµA√−γ
)
= − 1
2g24
1√
grr
XrµνρAB F
B
νρ
∣∣∣
r=r0
. (C.5)
Using the ansatz (B.1), the only non-zero components of the X tensor that enter in the
right hand side above for J imb are X
riri and Xriti, yielding
J imb = −
1
g24
1√
grr
(
XririAB F
B
ri +X
riti
ABF
B
ti
) ∣∣∣
r=r0
(C.6)
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(no sum over i). Now, for the Ai component of the gauge fields (we omit the scalar indices
A,B for now), the infalling condition (B.7) at the horizon is
∂rAi = a ∂tAi , r → r0 (C.7)
which, using the Ar = 0 gauge and the condition that At = 0 vanishes at the horizon,
8
yields
Fri = aFti as r → r0. (C.8)
This implies that J imb is proportional to Fti at the horizon as expected, i.e.
J imb = −
1
g24
1√
grr
(
aXriri +Xriti
)
Fti
∣∣∣
r=r0
. (C.9)
The factor in parentheses after some algebra becomes
aXriri +Xriti = ∆−1/2gii − 8γL2
(
∆1/2
gtt
Criri − grt
gtt
Criri + Criti
)
. (C.10)
For our ansatz (B.1), we have
Criti
Criri
=
grt
gtt
, (C.11)
which implies that the last two terms inside the parentheses in (C.10) cancel each other
out, giving
aXriri +Xriti = ∆−1/2gii − 8γL2∆
1/2
gtt
Criri. (C.12)
After some more algebra, we arrive at
J imb = −
1
g24
(
grrgii − 8γL2Criri)√
gttgrr
giiFt
i (C.13)
where we also used the fact that gij = giiδij to write Fti = giiFt
i.
In an orthonormal frame of a physical observer hovering just outside the horizon, with
proper time τ , we have that Ft
i = −√gttF τi = −√gttEˆi, where Eˆi is the electric field
measured by such observer.
Reinserting the scalar indices A,B, and using TAB = L
2XAδAB, we arrive at a con-
ductivity from the membrane paradigm given by
σAmb =
L2
g24
(
XA − 8γgiiC
riri
grr
) ∣∣∣
r→r0
. (C.14)
Using the formulas at the horizon (5.1) to (5.2), we obtain
σ
(0)
mb =
1
g24
(
1 + 4γ + 28γµ2L2
)
(C.15)
8This is required in order to have a nonsingular gauge connection (see, for example, [13]).
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σ
(k)
mb =
1
g24
(
1 + 4γ + µ2L2 + 28γµ2L2
)
(C.16)
which are the same we obtained using (3.12).
We can readily check that both of the formulas above give the correct result when the
mass deformation is absent, namely [3]
σAmb →
1
g24
(1 + 4γ). (C.17)
Recall that the relation we just obtained here corresponds to the conductivity defined
on the horizon membrane. One way to relate to the conductivity at the boundary is to
study the r dependence of the current ji and electric field Fti, by looking at the equation of
motion and Bianchi identities involving ∂rj
i and ∂rFti along the lines of appendix B in [6].
Namely, in our case we have
∂rj
i = GXitri∂tFri +GX
itti∂tFti +GX
ijij∂jFij
+∂t(GX
itri)Fri + ∂t(GX
itti)Fti (C.18)
∂rFti = ∂iFtr + ∂tFri (C.19)
where G ≡ √−g/g24 and i 6= j (i.e., since the boundary is 2+1 dimensional, i = y and
j = x or vice-versa). From here we immediately see that (C.19) implies that Fti becomes
r-independent in the kµ → 0 limit, and that the first three terms in (C.18) will be sup-
pressed in this limit. However, the last two terms in (C.18) will remain finite since they
do not involve space-time derivatives of the gauge fields, but only time derivatives of the
metric. Since the near horizon metric (4.31), (4.32), obtained by mass-deforming the flat
horizon, does have an explicit time dependence — at least for small t — , we cannot rule
out, in principle, the possibility that the full metric in the bulk also is time dependent, and
we have a nontrivial ji(r), but as we explained in the text, this is not necessarily a problem.
D Conductivity using the Kubo formula at the horizon
In this appendix we give details about the calculation using the Kubo formula
σ(ω) = −Im
(
Gyy(ω, ~q)
ω
)
(D.1)
at the horizon. The boundary term in the action is (we omit the scalar indices for now)
Syy = − 1
2g24
∫
d3x
√−gXuyµyAy∂µAy
∣∣∣∣
u→1
(sum over µ). (D.2)
Note that in the massless case, i.e. for the pure AdS4 black hole, the integrand above
reduces to
√−gXuyuyAy∂uAy. In our case however, we have an extra term coming from
the fact that Xuyty does not vanish in the background (B.1). Therefore, Syy is
Syy = − 1
2g24
∫
d3x
√−g (XuyuyAy∂uAy +XuytyAy∂tAy)
∣∣∣∣
u→1
. (D.3)
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Since we are interested in the conductivity at ω = 0, one might naively think that we can
simply ignore this second term above on the grounds that the time derivative will produce
a term proportional to ω in the Green’s function Gyy. However, the first term ∂uAy, when
evaluated on-shell, will also be proportional to ω, and in fact gives a (leading) finite con-
tribution to the conductivity (D.1). Therefore, we can not simply ignore O(ω) extra terms
right from the beginning.
Thus, it seems that we need to go back to the Einstein’s equations to obtain the back-
reacted Weyl component Cuyty at the horizon. However, we don’t need to, since, in the
general background (B.1), we have
Xuyty = −gut
gtt
Xuyuy. (D.4)
To simplify even more the integrand in (D.3), we can also take advantage of the infalling
condition at the horizon (valid for u → 1) given in (C.7) to write ∂tAy in terms of ∂uAy.
Thus, all in all we have
Syy = − 1
2g24
∫
d3x
√−gXuyuyAy∂uAy
(
1 +
u2
r0a(u)
gut
gtt
) ∣∣∣∣
u→1
(D.5)
where
a(u) =
u2
r0
(
gut
gtt
+
√
g2ut
g2tt
+
guu
gtt
)
. (D.6)
The second term inside the parentheses in (D.5) was not present in the massless case, when
gut is zero. However, expanding about u = 1 gives
1 +
u2
r0a(u)
gut
gtt
= 1 + µO(1− u)1/2 (D.7)
which makes it irrelevant for the computation of Syy at the horizon.
The Green’s function we need is therefore
G(A)yy = −
3r0
L2g24
(
1 + 4γ + hA(µ
2)
)
(1− u)∂uA
A
y (ω)
AAy (ω)
∣∣∣∣
u→1
(D.8)
where hA was defined in (5.7). The last step is to obtain Ay near the horizon. The equation
of motion for Ay is
A′′y + αA
′
y + βAy = 0 (D.9)
where
α ≡ ∂t
(√−gXtyuy)+ ∂u (√−gXuyuy)− 2iω√−gXtyuy√−gXuyuy (D.10)
β ≡ −q
2√−gXxyxy + ω2√−gXtyty + iω (∂t + ∂u) (√−gXtyty)√−gXuyuy . (D.11)
Inserting the ansatz Ay = (1 − u)bF (u) into the equation of motion we again obtain
b = ± iL2ω3r0 near u = 1 (independent of µ!). Using the + (infalling) value for b again into
the equation for Ay near u = 1, we get
F ′(1)
F (1)
≃ iω
[
L2(3− 28γ)
6r0(1 + 4γ)
+O(µ2)
]
+O(ω2) (D.12)
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for q2 = 0 and small ω. Therefore
∂uAy(ω)
Ay(ω)
∣∣∣∣
u→1
= iω
L2
3r0
1
1− u + iω
(
L2(3− 28γ)
6r0(1 + 4γ)
+O(µ2)
)
+O(ω2). (D.13)
Putting all this into the Kubo formula (D.1) we obtain once again
σ(A) =
1
g24
(
1 + 4γ + hA(µ
2)
)
(D.14)
which matches the other results we obtained.
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